Abstract-The electrothermal behavior of single-and twofinger bipolar transistors at medium-and high-current operations is studied through theoretical modeling, experimental measurements, and computer simulations. Bias conditions that border thermally stable and unstable operation regimes are described by novel analytical formulations, which for the first time include simultaneously all relevant parameters that weaken the electrothermal feedback at high currents such as ballasting resistors, current dependence of the base-emitter-voltage temperature coefficient, and high-injection effects. Hence, besides giving a correct description of thermal instability mechanisms, the developed formulations also allow the prediction and physical understanding of restabilization phenomena. The models are supported by measurements on silicon-on-glass n-p-n bipolar junction transistors and by simulation results from a novel SPICE-based electrothermal macromodel for bipolar transistors. Furthermore, the models are employed to analyze the influence of the germanium percentage in the base of SiGe heterojunction bipolar transistors on the thermal ruggedness of the device.
I. INTRODUCTION

I
T IS WIDELY recognized that the behavior of today's high-frequency bipolar devices and circuits is governed by coupled electrical and thermal phenomena [1] - [5] , rather than by purely electrical effects. The positive current-temperature feedback may not only adversely affect the safe operating area of devices but also threatens to impose a fundamental limit to the speed [6] . Electrothermal effects in bipolar transistors have been the subject of extensive investigations in recent literature. In our previous papers [7] - [10] , an extensive analysis of the two ways in which thermal instability manifests itself in bipolar transistors has been given: 1) "flyback," the onset of a negative resistance branch that also is referred to as "snapback" or "turnover" and 2) "bifurcation," the onset of an uneven current distribution among seemingly identical emitter fingers. The role of internal and external series resistances for the electrothermal response of the transistor was clarified; while the emitter and the base series resistances readily increase the power at which thermal instability occurs, the collector series resistance is less effective. However, it was observed that, at high-current levels, the voltage drop across even a relatively small external collector resistance could become so large that a thermally unstable transistor could restabilize. In this paper, other high-current-regime restabilizing effects are identified for the first time: current and temperature dependence of the current gain, and current and temperature dependence of the base-emitter-voltage temperature coefficient. Transition points between thermally stable and unstable device operations are modeled through a novel analytical formulation applicable for both single-and two-finger bipolar transistors operating at medium-and high-current regimes. For the first time, all relevant effects are simultaneously accounted for in an analytical model. In addition, a SPICE-based macromodel for the electrothermal simulation of bipolar devices is developed, with which not only relatively simple single-and two-finger devices can be characterized but also multifinger transistors and complete circuits can be electrothermally simulated. Both the analytical formulation and SPICE macromodel are verified by experimental measurements on n-p-n bipolar junction transistors (BJTs) fabricated in a substrate-transfer silicon-onglass technology [11] . The models are applied to investigate the effects of different device parameters on restabilization mechanisms and to compare thermal robustness of Si-and SiGe-base transistors.
II. ANALYTICAL FORMULATION OF THERMAL INSTABILITY
A. Single-Finger Bipolar Transistors
A very simple dc circuit diagram of a single-finger bipolar transistor with lumped resistors and a subcircuit accounting for self-heating are given in Fig. 1(a) . r E , r B , and r C represent the internal (parasitic) emitter, base, and collector resistances, respectively, while R E , R B , and R C are the external (ballasting) resistors. The collector, emitter, and base currents are denoted with I C , I E , and I B , respectively, and the external baseemitter, collector-base, and collector-emitter voltages are V BEX , V CBX , and V CEX , respectively. Fig. 1(b) shows various examples of measured I E -controlled I C −V BEX characteristics.
The points in which
determine borders of stable operation. It is well established that the flyback behavior at the points A and B is the consequence of positive current-temperature feedback [12] . Moreover, the condition (1) is also met in the point C, in which the I C −V BEX characteristic returns to a stable situation. In order to analyze the behavior described by (1), the bipolar transistor is modeled as follows in an analysis that is limited to the case in which avalanching does not play a significant role, i.e., for V CE BV CE0 , where BV CE0 is the collector-emitter breakdown voltage (BV).
In the forward active mode, the base current I B and current gain β F can be expressed as
where I B0 is a temperature-insensitive parameter;
n is the ideality factor; V T 0 is the thermal voltage at ambient temperature T 0 ; T = T 0 + ∆T (I C ) is the junction temperature; β 0 1 is the current gain at medium current levels, at ambient temperature, and under conditions with negligible Early effects; V A is the Early voltage; and
which is the absolute value of the temperature coefficient of the base-emitter voltage for a fixed I B and
which represents a temperature coefficient of the current gain at medium currents. ∆E G = E GB −E GE is the difference in the bandgaps of the base and the emitter, which is positive in Si BJTs [13] due to the bandgap-narrowing (BGN) mechanism in highly doped emitters [14] and is negative in GaAs and SiGe heterojunction bipolar transistors (HBTs) [15] - [17] . B is a fitting parameter needed to account for the different temperature dependence of the diffusion coefficient of holes and electrons [18] , and k is the Boltzmann's constant. Moreover, the temperature-dependent gain lowering at high-injection levels is described by (6) through the temperature-dependent parameters I H (T ) and m H (T ). Note that the term R HI is negligible at low and medium currents, whereas it becomes a decisive parameter at high-current levels.
The collector current can then be calculated as I C = β F I B to give (7) , shown at the bottom of the page, where I C0 = β 0 I B0 , and
This is the absolute value of the temperature coefficient of the base-emitter voltage for an assigned medium-level I C , i.e.,
and the equivalent resistance term R EQ (I C , T ) = R EB + R HI (I C , T ) accounts for the attenuation of I C at current levels where high-injection and/or resistive effects dominate. The dissipated power
is related to the device temperature as
where R TH is the self-heating thermal resistance. Combining the above equations gives
where
Note that the function V ∆T accounts for: 1) β F dependence on I C and T ; 2) ϕ BE dependence on I C and T ; 3) Early effect; and 4) self-heating. Substituting relation (12) into (1) yields
which implicitly relates the biasing points at the borders between thermally stable and unstable regions of singlefinger bipolar transistors with all the relevant parameters. For R EC = 0 and at medium-current levels, the above expression can be written as (15) , shown at the bottom of the page, which, under the conditions ϕ TOT = const, can be simplified to the well-known expression [9] , [19] 
Contrary to (16) , the more accurate (14) can have multiple solutions that determine all the transition points between stable and unstable operation. 
B. Two-Finger Bipolar Transistors
A simplified dc circuit diagram of a two-finger bipolar transistor is shown in Fig. 2(a) . In the ideal case, where the two fingers are perfectly identical, the total currents would be equally divided between them. In reality, however, there are always small unintended differences that will be responsible for an asymmetry in current distribution in the current-controlled situation [8] , [10] , [20] , [21] . On the other hand, as demonstrated by the measurements shown in Fig. 2(b) , electrothermal interactions at high-current levels can induce restabilization, even in the absence of ballasting resistors.
In order to model this behavior, the set of relations given by (2)-(9) are applied to each finger individually identified by
subscripts 1 and 2. Expressions for I C1 and I C2 can be derived from (7) and combined to yield
where r EB ≈ r E + r B /β 0 . The finger temperatures can be calculated as
where i, j(i = j) are the finger numbers, R M is the mutual thermal coupling resistance, and
In the following, I C1 and I C2 are expressed as
After some manipulation, (17) becomes
with R HI and ϕ TOT defined as (6) and (8), respectively. Compared to the single-finger situation, V ∆T now accounts for the mutual thermal coupling R M , while Early effect and external resistors do not play any role due to the symmetry of the system [see Fig. 2(a) ]. The boundary points of thermal stability seen in Fig. 2 (b) can be found from (20) for ∆I C → 0. This leads to
Note that the mathematical form of (14) and (22) is the same. When a constant ϕ TOT is assumed and both external resistors and high-current effects are excluded, (22) reduces to
which can have only one solution and coincides with the expression derived in [10] .
III. SPICE-BASED MACROMODEL FOR ELECTROTHERMAL SIMULATIONS
In contrast to the relatively simple computer code necessary for calculating the "critical" points by using (14) and (22), the evaluation of the overall current-voltage characteristics, such as those shown in Figs. 1(b) and 2(b), requires a higher level of complexity; for example, the calculation can be based on solving the nonlinear algebraic system of the equations that are for each finger given by (2)- (11) . A more circuitoriented approach to the problem is to modify transistor models available in already-existing commercial tools for circuit simulations and make them capable of solving electronics problems in which electrothermal coupling cannot be neglected. The program SPICE, for example, is in itself not equipped for the description of electrothermal behavior, since the temperature of the entire circuit is assigned prior to simulation and remains constant, independent of dissipated power. Thus, selfheating of individual devices and thermal coupling are not accounted for.
The method usually adopted to enable electrothermal simulations in SPICE is the structural macromodeling technique by which the built-in device model is expanded with supplementary passive and active standard components in order to describe specific transistor phenomena such as the thermal interactions [22] , [23] . An effective alternative is the analog behavioral macromodeling (ABM), which makes use of a powerful facility introduced in latest SPICE versions [24] . A number of the laws governing the electrical and thermal device behavior can be easily modeled by means of voltage-controlled voltage and current sources (denoted with ABM and ABM/I in the SPICE schematic, respectively) that allow a straightforward "in-line" implementation of a large variety of algebraic equations. The effectiveness of this approach for the electrothermal simulation of power MOSFETs and BJTs has been clearly demonstrated in the past [25] , [26] . The developed macromodels have proven to be flexible and accurate, while at the same time requiring an analysis time comparable to that needed when using standard SPICE elements. Lastly, it is noteworthy that ABM-based electrothermal subcircuits are manageable in all the modern SPICElike simulation codes that support the ABM facilities.
An example of an electrothermal SPICE ABM-based macromodel is shown in Fig. 3 . The subcircuit representing the elementary transistor [see Fig. 3(a) ] is encased by a dashed line. It is fully derived from the mathematical expressions given by (2)-(10). The macromodel is built for the simulation of bipolar device behavior in the forward active mode, and in Fig. 3(a) it is connected in a common-base configuration. The input quantities are the base voltage "B," the emitter current "E," the collector voltage "C," and the increase of junction temperature "∆T " above ambient presented as an input voltage. The diode "D" is used to describe the "internal" base-emitter junction behavior. Since this intrinsic SPICE device has a constant temperature T 0 during the whole simulation run, it draws a temperature-independent current given by To introduce temperature dependence, a correction current
is added to the model through the element ABM/2I (A), where the "2" refers to the number of block inputs. The sum of the two currents I B,diode and I B,corr gives the temperature-dependent base current I B expressed by (2) . The source ABM/2 (B) forces a voltage corresponding to β F , which is computed from I C , V CEX , and ∆T , according to (3) . I C is, in turn, computed through ABM/2I (C) by simply multiplying the base current I B and the current gain β F .
In the common-base configuration, the dissipated power given by (10) can be expressed as a function of the base-emitter voltage and collector-base voltage
with
The above expression for P is implemented in the SPICE model and is used as an input variable of the thermal feedback network represented by an equivalent electrical circuit. In a more general case where N elementary devices are connected in a circuit of N transistors, or form an N -finger device, the thermal network is described by
where ∆T i is the increase of the temperature of the ith finger with respect to T 0 . Note that the thermal resistances R TH,ij are treated as electrical ones. In Fig. 3(b) , the two elementary transistors are connected in parallel to form a two-finger device; similarly, a multifinger device or a circuit that consists of a number of transistors can be effortlessly created. The proposed dc approach can readily be extended to the dynamic case, by including the inherent transistor capacitances in the electrical subcircuit and considering an RC thermal equivalent network. However, care should be taken in the dissipated power evaluation: (26) may lead to inaccuracies due to energy storage elements in the transistor subcircuit, which do not contribute to the self-heating and should not be accounted for [27] .
To conclude this section, we want to remark that some tools currently adopted in the IC computer-aided design (CAD) area include bipolar transistor models that allow activation of selfheating (e.g., the BJT model MEXTRAM 504 [28] available in ADS [29] ); such models are equipped with a thermal node and the temperature increase above ambient is evaluated through an internal thermal circuit. A possible alternative to the above SPICE approach would lie in adopting these codes after enabling the still absent mutual coupling between transistors (as in, e.g., [30] ). On the other hand, exploiting the model described in Section I, which is based on a straightforward parameterextraction methodology, is simple and gives accurate results (see Section V).
IV. EXPERIMENTAL VERIFICATION
All the electrical measurements are performed on siliconon-glass bipolar test structures [11] : single-and two-finger n-p-n BJTs with emitter areas of 20 × 1 µm 2 and 2 × (20 × 1) µm 2 are considered. The model parameters are extracted from isothermal characteristics of single-finger devices. For example, ϕ BE (I C , T ), ϕ β (I C , T ), and R HI (I C , T ) from (4)-(6) are extracted and modeled from the measured data given in Fig. 4(a) and (b), as suggested in [7] , [31] , and [32] 
and
R TH and R M are measured using the lock-in measurement technique described in [33] . The extracted parameters are given in Table I . The I C − V BEX characteristics of a single-finger device with R TH = 12 100 K/W are measured in an I E -controlled setup. Fig. 1(b) shows three characteristics for V CBX = 0.2 V: one without external resistors and the other two with an added R C or R E of 20 Ω. The arrows indicate the critical points, which are also calculated through an iterative process applied to condition (14) and reported in the inset. A very good agreement between the model and experiments is observed. It is shown that, although an external collector resistance provides a restabilizing effect, it is much less effective than ballasting the emitter in weakening the electrothermal feedback. This is due to the fact that R E directly reduces the internal base-emitter voltage, which governs the current handled by the device, while R C only lowers the dissipated power level.
In Fig. 2(b) , the measured collector-current distribution is shown for several two-finger devices with different (R TH , R M ) values. The measurements are performed in an I E -controlled setup for V CBX = 0 V. The critical points are calculated by the model (22) and reported in the inset of the figure. As can be seen, the model gives a good prediction of both the critical point 1 and the critical point 2. In the case of the most thermally coupled fingers, the device remains stable for any value of the biasing current, as foreseen by the model. Experimental measurements are also compared with the characteristics simulated by the SPICE macromodel. This comparison for the same set of devices from Figs. 1(b) and 2(b) is Fig. 6 . SPICE-simulated collector current as a function of discrepancy between the two fingers. The bifurcation is induced through a difference ∆r E between the internal emitter resistances. presented in Fig. 5 ; as can be seen, a very good agreement is obtained for each situation and for any value of the input bias.
V. DISCUSSION AND MODEL APPLICATIONS
As mentioned in Section II-B, the current-bifurcation phenomenon in two-finger bipolar devices results from the fact that the two fingers are never identical in a realistic case. In order to simulate the experimental behavior by SPICE, a difference in the parameters of the two elementary devices must be introduced. For example, this can be achieved by assigning a slightly different value of the emitter series resistance to the finger 1 as compared to the finger 2. In Fig. 6 , the region around the current-bifurcation point is plotted for different values of ∆r E = r E1 − r E2 . The critical-point condition given by (22) defines the current bifurcation for the case in which there is an infinitely small difference between the fingers, i.e., ∆r E → 0. As the difference in device parameters grows, the abruptness of the transition from stable to unstable case is less sharp, and the critical point must be defined in another way, for example, as the point at which the lower current has reached its maximum, i.e., where δI C1 = 0 [8] . Nevertheless, since the elementary devices are in principle made with the smallest possible differences, expression (22) is in practice a very useful approximation. When external ballasting resistors are connected to each individual finger (e.g., R E1 , R B1 , and R C1 for finger 1 and R E2 , R B2 , and R C2 for finger 2), inequalities (e.g., R E1 = R E2 ) produce an effect similar to that of ∆r E shown in Fig. 6 .
The existence and position of the critical points depend on several compounded effects, rather than only on one dominating factor. This is illustrated in Fig. 7 , where the SPICE electrothermal simulations of a two-finger BJT are presented as a function of the model complexity. Compared to the complete model (solid line), an unacceptable error occurs even for low current values if the thermal coupling is not accounted for (long dashes). The correct values for the coefficient ϕ BE are modeled through an appropriate choice of the parameters ϕ 0 and ϕ 1 . Adopting a constant value for ϕ BE (as in, e.g., [8] , [12] , [19] , and [34] ) fails to accurately predict the device behavior (dotted line) since the current dependence modeled by (29) weakens the electrothermal feedback in the system. Likewise, a reduction of the temperature coefficient of the current gain also introduces a negative feedback at high currents [31] , [32] ; isothermal measurements from Fig. 4(b) indicate that ϕ β can even become negative at high-injection levels, and thus can be decisive for the restabilization. Indeed, it can be seen that neglecting such an effect (I H → ∞) actually leads to the switching off of the colder finger (dot-dashed line). Finally, it is also observed that the stabilization can be restored by introducing sufficiently high external resistors (small dashes). Fig. 8 (a) and (b) depicts the curves attained for various values of ballasting resistors per finger on the emitter, R E1 = R E2 , and on the base, R B1 = R B2 . This shows how the ballasting not only increases the I C,crit for bifurcation but also decreases the I C,crit for restabilization, giving an overall more stable device. Fig. 9 illustrates the solution loci of (22) in the (V CEX , I C ) plane for I E -controlled two-finger BJTs with equal R TH and different R M values. The curves represent the borders between stable (left) and unstable (right) operation regimes. For low V CEX values, all transistors are unconditionally stable. As the collector voltage increases, the devices are triggered into the asymmetrical operating mode and the current instability range increases with the applied voltage. It is noteworthy that the thermal ruggedness increases with increasing R M . This has in the past also been empirically demonstrated by the beneficial influence of thermal shunt resistors between emitters in GaAsbased HBTs [35] , [36] .
A. Safe Operating Area
B. Si-Versus SiGe-Base Transistors
From (14), the aggregate effect of coefficients ϕ BE and ϕ β , and their derivatives with respect to I C determines the thermal behavior. While Si transistors can restabilize at high-current levels due to reduction of ϕ BE and ϕ β as I C increases, SiGebase devices [16] , [17] and GaAs-based HBTs [15] can both be designed so that even for low and medium currents, ϕ β will (14) is used for the calculations.
be negative and ϕ BE will still decrease as I C increases. For example, in SiGe transistors with uniform Ge percentage in the base (%Ge), the base bandgap is reduced by 7.4 × %Ge meV [37] . This reduction is included in E GB from (5) and can result in a negative ϕ β .
The potential thermal robustness of single-finger SiGe devices is investigated here by varying the %Ge. For the sake of simplicity, devices with uniform %Ge in the base are considered, and the functional dependence of ϕ β with I C is neglected, i.e., I H → ∞. To allow a manageable basis for comparison, the emitter-base profiles are tailored to give a β 0 = 120 for all %Ge. A higher %Ge will increase the collector current at ambient temperature. This means that other device parameters must be modified to meet the request for constant β 0 . Two device categories are studied: type 1, in which the base doping is increased, and type 2, in which the emitter depth is reduced for higher %Ge [38] . The calculated I C,crit is plotted in Fig. 10 as a function of %Ge. It is noteworthy that increasing %Ge leads to better thermal stability of the type-1 devices; in this case, all transistors have identical emitters, and thus identical coefficients ϕ BE . On the other hand, for the type-2 transistors, electrothermal stability is not improved; shallower emitter depths yield higher I B0 , which means higher ϕ BE for the same I C . This implies that the benefits of reducing ϕ β are counteracted and, from the electrothermal point of view, the type-2 transistors only marginally take advantage of the higher %Ge.
C. Generalization of SPICE Macromodel-Three-Finger Devices
As mentioned in Section III, the SPICE macromodel can be generalized to simulate the behavior of circuits and multifinger transistors with a large number of elementary devices. As an example, the case of a three-finger silicon-on-glass BJT is presented here. The investigated device is symmetrical around the inner finger with index "2." The physical model parameters from Table I are assigned to each finger, and R TH and R M values are typical for silicon-on-glass transistors [7] , [11] , [39] : R TH = 10 500 K/W, R TH12 = R TH23 = 5000 K/W, R TH13 = 2000 K/W. The total emitter current is controlled while the collector-base voltage is fixed at V CBX = 0.75 V. The collector currents versus the total collector current I C are shown in Fig. 11 . Solid lines refer to the case of identical fingers. Due to the inherent difference in thermal coupling between inner and outer fingers, an uneven current distribution arises at low/medium I C levels: the innermost finger starts conducting more and more current due to the strong thermal coupling with both neighboring devices, which each handle the same amount of current due to the perfect system symmetry. Nevertheless, at high-current levels, the system approaches a stable situation because the central finger enters the region of negative feedback. A more complex behavior is observed when a slight discrepancy exists between the parameters of the two outer fingers. Such behavior for ∆r E = 0.1 Ω is illustrated by the dashed lines. As can be seen, when I C = 15 mA, the applied unbalancing condition gives rise to a current bifurcation between these fingers. Due to the higher positive temperature coefficient of the collector current, the outer finger 1 draws more current at the expense of both the inner and the other outer finger. However, for current values larger than I C = 27 mA, the effect of the introduced ∆r E becomes insignificant due to the compounded restabilization mechanisms.
VI. CONCLUSION
It has been demonstrated that the analytical formulation developed in Section II provides a fast and reliable means of determining the boundary between stable and unstable regions for single-and two-finger bipolar transistor configurations operating at medium and high currents. Moreover, the formulation accounts for and gives new insight into both individual and combined mechanisms that are relevant for the onset of instability and restabilization. Impact ionization effects that lead to electrical breakdown and enhance electrothermal breakdown have not been included in this study; on the contrary, the focus has been on the effects that can reduce the electrothermal feedback and lead to restabilization of the transistor after the onset of thermal instability: the decrease of the temperature coefficients of base-emitter voltage and current gain with increasing current, and the factors that attenuate the actual collector current at high-enough currents, i.e., high-injection effects and ballasting/series resistances. Predictions could therefore be made for which combination of effects would lead to more stable Si-and SiGe-base transistors.
For a simulation of the complete multifinger-transistor/ circuit characteristics, a novel ABM-based SPICE macromodel for bipolar devices was developed to include the same set of electrothermal mechanisms as the analytical model. It was built for direct application in the electrothermal circuit simulator SPICE. Its effectiveness in simulating more complex structures was demonstrated for the case of a multifinger transistor.
